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The fractional Laplacian
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Through this talk, we define the following operator with a singular kernel

(o) = O [ ML) Sy

-1
We will explain the name below. The popular choice is C(d, s) ( Jpa ﬁw‘cd% dw) .
It will be justified below.
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Stochastic interpretation
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Let us think of an stochastic process discrete in space and time of the form

u(t+7,2) = Z u(t,z + hj)P(x + hj — x).
JEL™

7 is the time step, whereas h is the space step.

When P(x — x + hj) = ﬁ for j € {xe1, - ,+eq} and 0 otherwise,
we have Brownian motion and we recover the heat equation: u; — Au =0
If we assume that there is long-range interaction!

c(d, s)

P(erhj%:r):W

we show now that we formally recover u¢ + (—A)%u =0

1 . P _ 1
here we have to adapt c so the sum is 1. The choice is c(d, s) = T(af2s)
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From long-range interactions to the Fractional Heat Equation
A simple approach in the style of [Valdinoci 2009]
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u(t+ 7,z) — u(t, x) _ c(d, s) Z u(t,x + hj) — u(t,x)

i[d+2s
T jermyio) 11
c(d, s) u(t,z + hj) — u(t, ) u(t,x + hj) — u(t,x)
= o [j]a+2s + Z [7]4+2s
JEZ™\{0} JEZM\{0}
_c(d,s) u(t,x + hj) — u(t,x) n u(t,x — hj) — u(t,x)
Td+2s — ild+2s
2T \sedmoy 9l jezm\{o} il
c(d, s) Z u(t,x + hj) + u(t,z — hj) — 2u(t, )
- 1d+2s
2T einvioy 11
_ h* c(d,s) 5 u(t, @ + hj) +u(t,x — hj) = 2u(t,z) 4
P2 e(dys) [oultz+y) tult,e —y) = 2ultz)
T 2 Jpd y|d+2s

Taking 7 = h?® and letting h — 0 we recover
up = —(—A) u.
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Lévy flights
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Definition (Lévy process)

A stochastic process X = { X, : t > 0} is called a Lévy process if
1.  Xo = 0 almost surely

2. Independence of increments: For any 0 < ¢1 < to < -+ < t,, < 00
Xty — X, Xtg — Xtg, -0 s Xty — thl are independent.

3. Stationary increments: For any ¢ < t2, X, — X, is equal in distribution to Xy, —¢;
4. Continuity in probability: For any e > 0 and ¢t > 0, limp o P(| X¢4n — X¢| > €) = 0.

If X is a Lévy process, then p;(z, B) = P(X; + = € B) is a Markov transition function
(see, e.g. [Schilling 2016, Lemma 4.41).
In particular, the 2s-stable process (sometimes called Lévy-flights) is given by the transition function

. 25
p(t, m) _ (27‘_)—d/ ezszt\ﬂ de. @)
Rd
These were introduced in [Blumenthal, Getoor, and Ray 1961].

By the Chapman-Kolmogorov formula p; (z, B) = fB p(t,y — z) dy.
The FL is the infinitesimal generator of the process (see, e.g., [Kithn and Schilling 20191):

(=) (o) = Jim + (Blu(zo + X)) - u(zo)

The corresponding Feynman-Kac using fractional random process exist.
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Why the fractional Laplacian?

Infinitely many applications in recent years
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Fractional spaces and operators have recently be used in many applications.

[Di Nezza, Palatucci, and Valdinoci 2012] list:

P thin obstacle problem [85,68] P quasi-geostrophic flows [63,27,21],
P optimization [37], finance [26] »  multiple scattering [36,25,49],
»  phase transitions [2,14,86,40,45] »  minimal surfaces [16,20],
P> stratified materials [81,23,24] > materials science [4],
» anomalous diffusion [67,96,64] »  water waves [79,98,97,32,29,72,33,-
P> crystal dislocation [90,47,8], 34,31,30,42,50,73,35],
P soft thin films [56], P elliptic problems with measure data
»  semipermeable membranes and flame [70,53],
propagation [15] P non-uniformly elliptic problems [39],
»  conservation laws [9], P gradient potential theory [71]
P ultra-relativistic limits of quantum P singular set of minima of variational
mechanics [41], functionals [69,55].
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Smooth setting
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Let s > 0 and u € C?s1+2(R%). Then, (—A)u(z) is well defined.

Now we prove this representation is uniform integrable, by splitting the integral. The
integral is easy for y large

2u(z) — u(z +y) — u(z — y)

1
T wsslulze [ —oay
R4\ By (0) R4\ By (0)
Close to zero we take a Taylor expansion
2u(@) — u(z +y) — ul@ - y) le — y|25Fe
ydFzs dy < Clu] n2s4e / W dy
B1(0) B1(0)\Br(0)

Theorem 2 Proposition 2.1.7 in [Silvestre 2005]

We have (—A)® : C?251¢(R?) — C¢(R?).
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Why this power notation?

Fourier-transform definition OXFORD
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We can replace this with the Fourier transform F. We recall that

Fl-Au](¢) = — /Rd (Au)(z)e 2™ dg = — /Rd w(@)Age 2™ Ay = (27|€])2 Flu).

Fl(=A)u] = (27|€)** Flu]. ®
Fl(—=A)u] = C(‘;a 5) /}Rd 27 [u] — F[U(";lrdﬁ]s— Flut =)l 4,
[ Cd,s) 2 — 27V _ g2ty N
B < 2 »d ly|d+2s dy) w(g)

Notice that

1 2 — 2mE Y _ g 2mily 1 — cos(27¢ - 1 — cosw
o - ay= [ FEEEE N 4y = (anfey [ LS
2 Jpa [y|d+2s Rrd ly[d+2s rd  |w|dT2s

This drives the choice of C(d, s).
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A Principal Value formula

OXFORD

Mathematical
Institute

Coming from the Fourier transform it was shown in [Landkof 1972, p.45] or [Stein 1970]) that

. . u(z) — u(z +y)
—A = C(d, 1 —_
( ) u(z) ( S)T 1131+ R\ B, [y[a+2s

dy. ®V)

Proof. With our definition

/ 2u(z) —u(z +y) —ulz — y) dy
R\ B, (0) ly|d+2s

u(z) —u(z +y) / w(z) — u(z — y)
= ————dy + — T dy
R4\ B;-(0)

rd\ B, (0) [y|d+2s [y|d+2e

=2/ u(x)—du(;v-s-y) dy. O
R4\ B, (0) [y|d+2s

Some authors write

(—A)*u(z) = C(d, 5) P.V. /Rd W dy.
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Integration by parts

A weak formulation OXFORD
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Recall for the usual Laplacian 4 ¢(—Au) = Jpa VeVu.

For u, ¢ € C2°(RY) we have that
s C(n,s) (p(z) — () (u(z) — u(y))
/Rd<p(—A) wdz = /Rd/]Rd dydz. W)

o — |7+

Es(u,p)

People in probably call £, the Dirichlet form of X (see [Blumenthal and Getoor 1968]).
Proof. We can integrate by parts (noticing that we are removing a strip around x = y)

/ o(z) w@) = uy) 4 g,
rd

R\ B, (z) |T — y|dT2e

1 u(z) — u(y)
= - () ————=dydx
3 /L /Rd\ar@ @) 1o
1 u(y) — u(x)
= o(y) ———75 dzdy
/]Rd /]Rd\B,»(:c) ( )l — yldt2s

1 (p(z) = pW)(ulx) — uy)) ,
) /]Rd »/]Rd\B,«(z) |$ — y|dt2s -
Oxford
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A reminder of the usual Laplacian
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Recall for the usual Laplacian, the weak formulation of —Awu + pu = f is

u € H'(R?) such that / VuVe+pu / up = / fe Vo € HY(RY).
R4 R4 R4
N —

E1(u,p) (un)LQ(]Rd)

ay (u,v)

For 1 > 0, a,(u, o) is bilinear, coercive and continuous in H' (R?),
so there exists a unique solution in H'(R¢) by Lax-Milgram.

For u = 0, F1(u, ¢) is not coercive in H'. We cannot apply Lax-Milgram in H'.
There exists a solution with Vu € L2, butu ¢ L2.
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Fractional Sobolev spaces
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As for H', we define

1
C(d,s u(z) —u 2 2
[Wlprs ey = v/ Ealu,u) = ( (2 )/md /md l |i)_y|diyz)sl dyd“‘) ’

We define H°(R%) = {u measurable : [u] s, p gdy < oo}
These sets are not nice: [Brasco, Gémez-Castro, and Vazquez 2021].

Theorem 6
Es : H® x H® — R is well-defined, bilinear, symmetric and |E; (u, ¢)| < [u]gs [¢]ms -

It is easy to see that (—A)?® is the subdifferential of J, (u) = [“]ils (rd)’ ie.

£ Ju+ep] = Es(u, ).

Lastly, we define H°(R?) = L?(R?) N H*(R?) with [|u| grs = [Jull 2 + [u]gs.

Theorem 7
H*(R?) is a Hilbert space. C2° (R?) is a dense subset.
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Well-posedness for (—A)%u + pu = f when g > 0
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Due to (W)
(—=A)*u+pu= f € L*(RY),
d — Ss(u,w)ﬂt/ us0=/ fo, Vo€ H(RY).
u € H*(R%) R? R4
as,p(“‘a‘ﬁ)
The weak formulation is
u € H*(RY) such that as,u(u, p) = / fe, Vo € H*(R%). )
Rd

For yu > 0, as,,, is coercive in H*(R?). We can apply the Lax-Milgram theorem

For o > 0 and f € L?(R%), there exists a unique u such that (x).

Notice that the condition u € L?(R%) introduces a boundary condition u — 0 as
|z| — 0.
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w1 = 0. The inverse fractional Laplacian
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To solve (—A)®u = f. We can use the Fourier transform F.
Case d > 2s. (i.e. d =2and s < 1 ord > 3), we have
FL{(2nlg))~2)(x) = D(d, ) 2| ~4+2. Hence

()7 = 7 [(2rle) 2P = 7 (2rle) 2] 0 £
= D(d, s)/R W,

d |z —yld=2e T
This is called Riesz potential. Some authors denote I>5[f] = (—A)~*[f].
When it is defined, we have the solution u = I[f].

Notice that (—A)*1 = 0. So u(z) = ¢ + I25[f] are solutions.

This approach can also be use to get a formula when g > 0.

However, F~1 [m] does not have such a nice formula.

Case d < 2s. We have the same problem as for —A in dimensions d = 1, 2.
The Green function still exists, but it has different properties.
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Integrability of the Riesz potential
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If f € L2 (RY), then Io4[f] is point-wise well-defined, and I, [f] — 0 as |z| — oo.

The integrability of the Riesz potential is well-understood
(see, e.g., [Schikorra, Spector, and Van Schaftingen 20171)

Theorem 9 (Sobolev)

If2s<dand1<p< %, then I (f) absolutely converges.
d
Furthermore, if p > 1 then Iz : LP(R%) — jx=10
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Regularisation
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Using basically the properties of the Riesz operator
Theorem 10 Propositions 2.8 and 2.9 in [Silvestre 2007]
If (—A)*w = h in RY. For 8 € (0, 2s)
”w”cﬂ(md) < C(”w”Lw(Rd) + ”h”Lw(Rd))
If B, B + 2s ¢ Z then

”w”cﬂ+25(md) < C(“w”cﬁ(md) + ”h”cﬁ(md))

With a similar argument

Theorem 11 [Ros-Oton and Serra 2014]

If (—A)°w = hin B;. For 8 € (0, 2s)
lollgs g, 5 < Cllwllzoo gy + Ihlleo o))
If 3, B + 2s ¢ Z then

”w”cﬁ+23(§1/2) < C(”“’”c,@(md) + ”h“cﬂ(§1))
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Weak maximum principle for 4 =0
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Theorem 12 (Weak maximum principle)

Let u € H®(R?) be such that (—A)®u < 0 is the sense that & (u, ¢) < 0 for all ¢ > 0.
Then u < 0 a.e. in R%.

Due to (W) , we know that
/ (7A)Su<pdz:/ u(=A)pdz,  Vu,p € CZ(RY). (SA)
R rd

Proof. We deduce that
[ ut-aye =&t <o.
rd

Take K € R? and ¢ = I>,[xx] > 0, then S v < 0. We deduce v < 0. O
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Characterisation of harmonic functions
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Under some condition on u, we can define (—A)*u € D’(R%) as
() up) = [ u@(-a)p@),  veeCT®.
R

This condition is

/R Mdz<oo.

a1+ |pldtas

Theorem 13 (Weyl’s lemma for the FL) [Fall 2016]

If (—A)*u = 0in D’ (R?). Then u is affine. If s € (0, 1], then w is constant.
Written in functional terms

catv-z se (1]

k —A)* =
u € kerpy ga)y(=A)" = u(e) {c1 s € (0, 3.

Hence, for d > 2s and if u = I,[f] is a distributional solution of (—A)*u = f
the set of distributional solutions is uw = I24[f] + uo, where ug € ker(—A)°.
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Strong maximum principle )
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At a global maximum we have that u(z) > u(z + y) hence

(—A)ou(z) = C(n;r 2s) /}Rd 2u(z) — u(lcr;'#;i)— u@ =) 45 0.

Unless u is constant, there exists a ball B where u(z) > u(z) for z € B.
Thus (—A)*u(z) > 0.

Theorem 14 (Strong maximum principle)

Let u € C?51¢(R?) be such that (—A)%u < 0.
Then, either u is constant or for each z € R?, u(z) < supga u.
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An L} theory of very weak solutions
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Integrating by parts twice, we deduce that

/Rd“(‘“s“’z/ww Ve € X

In order to integrate by parts we still need to assume “u — 0”.
To avoid this space X, we can invert to

/ wp= [ fLa] Vo€ D(Ix) N L (RY) (WD)
R R

This is known as weak-dual formulation.
Taking ¢ = sign (u)xx we deduce

/K uq = /]Rd JI2s[sign (w)xk] < /[Rd Frlasxr] < 128 (X&) || oo rdy /Rd J+-

This is a Lllo . estimate and a comparison principle (weak maximum principle).

Ifd > 2s, f > 0and u = Iz[f] € Llloc, then w is an solution of (WD) taking
ur = Ips[min{f, k}xp,]

When f changes sign v = I2.[f+] — I2s[f—] is a solution by linearity.
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Point-wise inequalities
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Theorem 15 (Kato inequality) [Chen and Véron 2014]

In the distributional sense

(=A)%|u| < sign(u)(—A)°u.

This can be proved through a different inequality

Theorem 16 (Cérdoba-Cérdoba inequality) [Cordoba and Cordoba 2003]

Let ¢ € C2%(R) convex, such that u, p(u) are such that (—A)%u, (—A)%p(u) exist. Then

(=A)*p(u) < ¢'(u)(=A)u

In [Caffarelli and Sire 20171, the authors extend these results to more general setting
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Semi-linear equations
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The problem
(A u+g(u) =f

with g non-decreasing and with adequate properties, can be treated by standard
arguments. For example by minimising the energy

E(u,u) +/1Rd /Ou(z)g(s) dsdz — /}Rd f(z)u(z) dz.
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Mathematics MT2021 Fractional Laplacian 25



Table of Contents

Mathematical
Institute

Elliptic equations: (—A)%u + pu = f in R?

Viscosity solutions

Oxford
Mathematics MT2021 Fractional Laplacian

26



Viscosity solutions for local operators
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Consider the problem —Aw + H(z,u, Vu) = f.
We aim to replace weak derivatives by the derivatives of tangent functions.

Take 2o € R?, and u a classical subsolution, i.e. —Au + H(x,u, Vu) < f.
Say ¢ is smooth and touches u from above at x i.e. it is defined in a neighbourhood of U and

p—u>0, w(z0) — u(zo) = 0.
Then z¢ is a minimum of ¢ — u, so
Ve(zo) — Vu(zo) =0, — (Ap(zo) — Au(zo)) < 0.
Then
—Ap(z0) + H(zo, p(z0), Ve(wo)) < —Au(zo) + H(wo, uo, Vu(zo)) < f(wo).

Definition 17 (viscosity sub-solution of —Aw + H(zq, (o), Vi (zo)) = 0 in Q)
Let u € C(Q) such that for any 2o € Q and ¢ of class C? touching from above at o, we have

—Ap(zo) + H(zo, ¢(20), Vi(z0)) < f(0)

Similarly, there exists a notion of viscosity super-solution, with function ¢ touching from below.
A function is a viscosity solution if it is both a super- and sub-solution.

The definition of sub-solution can be extended to upper semi-continuous functions.

This notion was introduced in [Crandall and Lions 1983].
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Viscosity solutions for local operators
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For the a general fully non-linear equation (think Hamilton-Jacobi)
F(z,u(z), Du(z), D*u(z)) = 0
The example above is F'(z, s, p, X) = —trace(X) + s — f(x).

To define viscosity sub/super-solutions we must assume that,
when X — Y is positive definite, then F/(X) < F(Y).

There theory of viscosity solutions is well-understood [Crandall, Ishii, and Lions 1992].
Some key features:

1. Stability. if u. are solutions corresponding for F. and u. — w and F. — F uniformly,
then w is a solution for F'.

2. Existence. Typically achieved by taking F. = F' — etrace(X) (i.e, adding —eAwu,).
This method is known as vanishing viscosity, and it names the theory.

3. Uniqueness. This type of solutions (+ suitable boundary conditions) typically have a
comparison principle.

4. Regularity. The standard theories are developed: [Caffarelli and Cabré 1995].

They are usually equivalent to weak solutions, when these can be defined.
For linear problems [Ishii 1995]. For the p-Laplace, e.g. [Medina and Ochoa 2019].

A nice introductory text to viscosity solutions is [Katzourakis 2015].
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Viscosity solutions for non-local operators
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There is an equivalent notion of viscosity solution, introduced in
[Korvenpéd, Kuusi, and Lindgren 2019].

Definition 18 (viscosity super-solution of (—A)*u = f in Q)

u : R — [—o00, oo] such that
1. u<ooae inR?Yandu > —ooae. in Q
2. w is lower semi-continuous
3. Forany B, (z0) C Qand ¢ € C?(B,.(z0)) such that ¢ < u we have
(=A)°¢r(z0) > f(zo)
where

¢(x) x € Br(x0),
Pr(@o) = {u(z) z € R%\ By (z0).

4. u_ = max{—wu, 0} is such that

_ e LY (r? / u_i(z)d
v € hee®D L T e 7
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The Caffarelli-Silvestre extension
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Theorem 19 [Caffarelli and Silvestre 2007]

Letw : RY — Rand U : R% x R — R be the solution of

—div(y) (¥ TV U) =0 (z,y) ER xR,
U(z,0) = u(z) z e R

Then

U(.T, y) — U(za 0)

M s

(=A)°u(z) = Cg(d,s) lim
y—0T

The proof can be done by Fourier transform, or via the representation via Poisson kernel

- 1-2s
Ulz,y) = / P(e—&y)u(€)de,  Pley)=0p—24
R (|2 + |y?) 2

and making the computation directly.
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Applications
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Corollary 20 (Harnack inequality) [Caffarelli and Silvestre 2007]

Assume u > 0 and that (—A)®w = 0 in B,.. Then

supu < C inf w.
Br Br
2

The idea is to use the Harnack inequality for U in
[Caffarelli, Kocan, Crandall, and éwigch 1996].

A proof of this result through stochastic processes is older: [Bass and Kassmann 2004].

A Harnack-type inequality is the first step towards u € C'*.

[DiBenedetto 1983; Caffarelli and Cabré 1995; Urbano 2008].

In [Cabré and Sire 2014a; Cabré and Sire 2014b] the authors use the CSE to study the regularity of
(=2)°u = f(u).

They deal with d = 1 or d > 1 and radial solutions.
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The semi-group formula: (—A)® through !4
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Let e*2 be the heat semigroup,
i.e. u(t) = e!®[ug] as the solution of u; = Au with u(0) = uo.

[ Theorem 21 (Bochner1949) |
Cayue) = 5 [ (4@ - uw) 7 (50

The advantage is that the Riesz potential can also be similarly approximated

Bl = 5 ) et e

Since e*® is well understood. This formula is very powerful to show estimates and

regularisation properties. A nice survey is [Stinga 2019].
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The fractional (s, p)-Laplacian
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The non-local equivalent of the p-Laplacian —A,u = div(|Vu|P~2Vu) is

@, (u(e) — u(y) |

—2
Ay @p(t) = [

(=A)yu(z) = C1P.V.
Rd

where p € (1,00) and s € (0,1),and C; = Cq(n,s,p) > 0.
It was introduced in [Chambolle, Lindgren, and Monneau 2012],
although it belongs to an older class previously studied.

Some properties:

1. Isrelated to W*'? instead for H*

2. Viscosity solutions can be found in
[Ishii and Nakamura 2010; Bjorland, Caffarelli, and Figalli 2012],
[Korvenpéd, Kuusi, and Lindgren 2019].
3. For the evolution see [Mazon, Rossi, and Toledo 2016; Vazquez 2016; Vazquez 2020]

4. Admits some representations similar to (SG) and (CSE). See [Teso, GC, and Vazquez 2020].
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The fractional heat equation u; + (—A)*u =0

Mathematical
Institute

Let us take a look at us + (—A)*u = 0 with u(0) = up. We have two options:
1. Existence of a heat kernel through coming from the stochastic process
2. Fourier transform approach

3. Semi-group approach

A detailed theory of well-posedness and regularity can be found in
[Bonforte, Sire, and Vazquez 2017]
This works contain a detailed literature review.
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The fractional heat equation u; + (—A)*u =0

Fourier transform approach

Mathematical
Institute

Taking the Fourier transform is space @(¢, £) = Flu(¢, -)](§) we rewrite the equation

%8 — —(arlely™ate).

We have an ODE in each mode. Hence
a(t,€) = et g(0,¢),

Finally,
u(t,z) = ]-'_l[e_t@"m)zs] * UQ

Going back to stochastic process, notice the relation to (P).
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The fractional heat equation u; + (—A)*u =0
The semigroup approach

OXFORD

Mathematical
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The key result for the semi-group theory (in the linear setting) is

Theorem 22 [Hille 1952]

If X is a Banach space and A is an operator such that
1. A:D(A) C X — X islinear, closed and D(A) is dense
2. (I+xA)~!':X — Xand
3. The operator is accretive: ||(1 + AA) " u||x < |lu||x forall A > 0and u € X.
Then, for ug € D(A),
u(t) = lim (7 + L A) "ug
is defined for all t > 0, and it is a solution of 4% + Aw = 0 and u(0) = uo.

Notice this is the implicit time discretisation

Upy — U
h
which we can rewrite (I + hA)u, = up—1.

n—1 + Au, =0

[Crandall and Liggett 1971] proved the analogous for non-linear operators and Banach spaces.
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(—A)? is accretive in L?(R%)
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Proof. When we take X = L?(R%) and u € C°(R%)
lut Ay ulfs = [ (et A=Ay do
R

=/ u +2)\/ u(— A)Sudx+)\2/ l(=A)*u|? dz
Rd d

|u(@) — u(y)® 2/ 2
= 2\ dyd A —A)*® d
/JRdu + /Rd/nw |x7 \‘”25 vers ]Rd‘( Jul”dw
2/ u?.
Rd

Letting f = u + A(—A)*u we have
17 2 gy = 10T+ A(=2)") "2l 2 g -

By density, this holds for all f € L?(R%). O

Oxford
Mathematics MT2021 Fractional Laplacian 40



Table of Contents

Mathematical
Institute

Numerical analysis

Oxford
Mathematics

MT2021

Fractional Laplacian

41



Numerical methods

Mathematical
Institute

Finite differences.
The methods look like

(~Mju@) = 3 wjlulz) - ulz + hj)).

jen
» The discretisation of the different representation gives different weights.
Quadrature formulas in (PV), (CSE), and (SG).
> Ifw; > 0 for all j, then the method is stable and has nice properties.
> Finite difference solutions usually converge to the viscosity solution.
| 4

See [Huang and Oberman 2014; Cusimano, Teso, and Gerardo-Giorda 2020]

Finite elements

» We take a triangulation, the corresponding finite elements V},,
and restrict £ to Vj, X Vj,.

> Convergence typically occurs in H®(R%).

> Finite elements solutions typically converge to weak solutions.

Oxford
Mathematics MT2021

Fractional Laplacian 42



Table of Contents

Mathematical
Institute

Bounded domains
Restricted fractional Laplacian
Censored fractional Laplacian
Spectral fractional Laplacian
A unified theory

Oxford
Mathematics MT2021 Fractional Laplacian

43



Confining long-range interactions

Mathematical
Institute

If our stochastic process X; must remain in a bounded set €2,
we need to deal with jumps across 9.

A nice stochastic discussion can be found in [Garbaczewski and Stephanovich 2019].
Broadly speaking
1. We can allow particles to jump anywhere,
but they are frozen when they reach some point = € R% \ Q.
2. We can allow particles to jump anywhere, if they are aiming for some = € R%\ Q,
they are “stopped” at a corresponding point on 9.
3. We do not allow particles to jump outside the domain.
If they want to, they must “roll the dice” again from their current position.

Oxford

Mathematics MT2021 Fractional Laplacian 44



Fractional LaplacianS in bounded domains

Mathematical

Institute

These approaches lead to three different operators
1. Restricted fractional Laplacian

s _ u(z) — u(y)
(—A)gpLlu](z) = C1(d,s) P.V. e Tz glares d
2. Censored fractional Laplacian
u(z) — u(y)
—A)E =Cs(d,s)P.V. | =L~ g
(=A)erLlul(z) = Ca(d, 5) o o=y

3. Spectral fractional Laplacian

(—A)pp [u] () = ﬁ /0 (€20 [u)(z) — u(a)

tlt+s”

A simple way to check that they are different is the boundary behaviour of solutions for
feLX(Q).
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Restricted fractional Laplacian

Homogeneous Dirichlet problem. Expected theory
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S
(=A)gpLue=f @
c (PrFL)
u=0 Q°.

Through weak formulation in H* (R?) it is to see that a unique solution exists.
People in probability computed

w(w) = /Q Grrw (2, 9) f(y) dy

where [Kulczycki 1997] showed

1 5(2)y) 1\
GrrL(z,y) < |z —y[d=2s (Iz—y% Al) ‘

This implies, for f > 0
u(@) 2 eb(@)” [ 15" dy.

Theorem 23 [Ros-Oton and Serra 2014]

Let u be a solution of (PRF1,).
If f € L®(Q) thenu € C°(R?) and [|ul| gs gay < ClIfllzos-
If f € CP(Q)and 8, 8 + 25 ¢ Zthen u/6° € CPT25(Q).
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Restricted fractional Laplacian

Non-homogeneous Dirichlet problem. Expected theory
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—A)g =0 Q,
{( JRFLY (OrrL)

v=g Q°.

Through weak formulation in H* (R?) it is to see that a unique solution exists.
People in probability computed

v(x) = /QC PrrL(z, y)g(y) dy

where showed that

6(z)°
5(y)* (1 +0(y)*)|e — y|?
The details in the analytical setting can be found in [Abatangelo 2015] .

PrrL(z, y) = —(=A) Grrr(z, y) X
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Restricted fractional Laplacian

Singular boundary problem. Unexpected theory
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In [Abatangelo 2015] the authors also showed that the following problem

(=A)grpLw =0 £,
w=0 Q°,
(@) (MgrrL)
. w(z)
J%W_h(z) z € 00
for any h € L>°(052).
In fact, the solution is unique and
w(z) = / Mgrr(z, 2)h(z) dS.,
20
and G
Mrrr (e, 2) = lim w
vos o)
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Censored fractional Laplacian for s > %

Mathematical
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u=0 oQ.

Through weak formulation in H{(£2) it is to see that a unique solution exists.
People in probability computed

{(7A)3FLU‘ =f Q,

u(zx) = /QGCFL(UU,?/)f(y) dy

where [Chen and Kim 2002] showed

1 @) N\
Soruten) < s (20 A

This implies, for f > 0
a(@) 2 8@ [ Fw)ow) T dy.
R
We also have
FeL®(Q) = |lulleeoay < CllfllLee,
FeLPQ) = |u(x)| < Cpo(x)* .

[Chen 2018] showed that if u € L% () implies u € C?(K) for 6 € (0, 2s).

(PcFL)
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Censored fractional Laplacian for s > %
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(=A)gpLw =0 @,
M,
{w _h a0, (McrFL)

Existence and uniqueness for this problem was proved in [Chen and Kim 2002].

In [Abatangelo, GC, and Vazquez 2019], the authors prove that

u(z) = /BQ McrL(z, z)h(z) dS»

where (G ( )
. RFL(Z, Y
Merr(z, 2) X lim —- <57~
155 75 (y)
Oxford
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Spectral fractional Laplacian

Mathematical
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Since —Ag, admits a spectral decomposition (A;, ¢;), the heat semigroup is written

29 [u](z) = i e it ( /ﬂ w(y)ei(y) dy) @i(@).
Hence -
(=A)&pLlu ZA (/ wz(y)dy) i(z).

Therefore (—A)3g, has spectral decomposmon (A, i)
The boundary value is taken only in the operational sense.

We have that

Gsrr(z,y) = D A pi(2)pi(y) <

= !
We can also set, for any h € L (9Q)
(=A)épLw =0 Q,
w(z)

S S e z€09

f;w—% <|a(c$16757/2) 1)'

(MsFL)
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A unified theory for the elliptic problem I

Mathematical
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[Bonforte, Sire, and Vazquez 2015] the authors introduce the idea of looking at

Lu=f Q,
u=20 o0 or Q°

by looking only at the the Green operator.
Assume its symmetric and, for some v € [0, 1],

Gz, y) < —— (6(:”)5(?’) A 1)7.

|z —yld=2s \ |z —y|?

It is easy to see that f € LX°(Q) = |u| < C§7

[Bonforte, Figalli, and Vazquez 2018]: The operator admits a spectral decomposition.
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A unified theory for the elliptic problem II

Mathematical
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[Abatangelo, GC, and Vazquez 2019]:
1. Under suitable assumptions on G,
feLEQ) = 3D, [u(2) = limy_,.co0 %

2. There is a notion well-posed notion of weak-dual solution for f € L(Q,§7)
[uv=[ fow),  voerz@.
Q Q

3. f>0 = u(z)>cd(x)Y [, f(y)8(y)” dy, so this is the optimal set of data.

As fn, > 0 concentrate to the boundary to h € L (99), with [, f 67 fixed,
un — w, We construct solutions of

[wo=[ wDgl).  vwerz@),
Q E)
5. When h = 1 we have w* < §™in{2s=7=1.7} (unless 25 — v — 1 = 7).

6. We construct a Martin kernel of solutions of this problem

- (o) ds 2.2) = lim @Y
w)= | Mz 2h(z)dz  Mle,z) = lim s
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A unified theory for the parabolic problem

Mathematical
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Following this same approach we can study the associated parabolic problems

ut+Lu=f (0,T)xQ,
u=20 Q¢ (if applicable),
u/w* =h 0.

[Chan, Gémez-Castro, and Vazquez 2020]:

1. The information of the Green kernel is sufficient for a Weyl’s law on the growth of
the eigenvalues

A spectral decomposition allows to construct a heat kernel
There is a corresponding Duhamel formula

Regular solutions can be concentrated on the boundary to construct singular
solutions
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